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(1) φ is T − periodic on t
(2) φ(t, x, 0) = g˜(x)
(3) if x 6= 0,we have g˜(x)x > 0.
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ghjZIhjWoZ\oY[SVöLWh5abö¸g«UXWËhTgRjgb] úXWRjWoY[abmnS oW¾SVíégXRjWËZ\kjïjï¸gXZ[WZ
φ
hjWoï¸WoRjhTWoR]*gXR
x′ 
φ ≡ φ(t, x, x′, ) õ
xøgTpabRTgb]^êjWYgXRjhjSµ]^SVgXRﬀgbRﬀ]^êTWﬃï¸WoY[SVgøhﬀabïjï¸WaqY[Z][gËö¸WﬃRjWoWZ[Z^aqY\î&]^gËgböT]abSVRW+÷TSVZdc
][WoRjWIgqíPï¸WoY[SVgøhTSnwZ\gXmnkø]^SngbRjZ¶gbí0]^êjW`ï¸WoY\][kjY[ö¸Woh&WoìkDaÆ]^SngbR
õ
etWUXWY\][êjWomVWoZ[ZpgbRjWKaqR>Z\êjg
ð
abRaqRDabmngbúXgXkjZY[WoZ\kjmV]w]^g;]^êTW*ïjY[WoWohTSnRjúægXRjW*kTRjhjWoY
ògXY[WBY[WZ\]^Y\Sn]^SVUbWËêîïLgq]^êjWZ[WoZ
õ
	@îñabRñabïjïjY\gXïjY[Snaq]^WhñêjgXSVoW;gqí¶]^êjW;ï¸WoY\Sngh³gbíta
ï¸WoY\SnghjSnZ\gXmnkø]^SngbR
gbí][êjW`ïLWY\][kjY[ö¸Wohﬀr$SnWoRjabY[hæWoìkDaÆ]^SngbR
õ
   çéã à*á$â'ã  -âèãBä
èç -â0á0å
â `áGèã à

RjW@Y[WíWoY[ZG]^gaòW][êjgh hjkTW@][gwabY qaqZ0SVRjZ[ïTSnY[Wh öî`]^êTWgXRTW@gqí_gXSVRjaqY	
õ
þ¶êjWhjWc
][WoY[òSnRjaq]^SVgXRKgbí¸ogbR][Y[gXmVm£aböTmVîIïLWY[SVgøhjSV-ï¸WoY\][kjY[ö¸WohZ[gbmnkT][SngXR
õ
þ¶êjSVZ@òW][êjgh*ïjY[g«UXWh
][g ö¸WﬀSµ]^Z\WomVíUXWY\î WëLWo]^SVUbWïDaqY\]^SVokjmnabY[mµî ígbY¾][êjWï¸WoYd]^kjY\öDaq][SngXRjZ¾gbíUqabY[SVgXkjZabkøc
][gXRjgXògXkjZZ\îZ\][WoòZ
õ
W Rjg
ð
ígbYW÷TabòïjmnWKa;úXgøghùabïTïjmnSVaq][SngXRæígXYï¸WoYd]^kjY\öLWh
@abRùhTWoY`_gbmPWoìkDaq][SngXRTZ]fîøï¸W    ﬃ
õ
þ¶êjW*ï¸WoYd]^kjY\öDaq][SngXRùSVZZ[kjïTïLgXZ\Woh]^g
ö¸W
 gXRøc
][Y[gXmVm£aböjmµî ïLWY[SnghjSV  µptS
õ
W
õ
pSV]
SVZ
ïLWY[SVgøhjSV
ð
SV][ê a ï¸WoY\Sngh
ð
êjSnê abR ö¸WêjgXZ[WR
abïTïjY[gXïTY[S£aÆ]^Womµî
õ
QRjhTWoYKUXWY\î5òSnmVhñogbRjhjSV][SngXRTZKSV]*SVZKïjY\g6UbWoh ]^êDaÆ]*]^gùWaqê Z\òËabmVm
WRjgXkjúXêﬀabòïjmnSµ]^kjhTWwgbí0]^êjW`ï¸WoYd]^kjY\öDaq]^SVgXR
]^êjWY[W`ö¸WomngbRjúXZóa*gXRjW`ïDabY[abòW]^WY-íOabòSnmVî
gbíwïLWY[SVgøhjZ¾Z\kjê]^êDaÆ]][êjWï¸WoYd]^kjY\öLWh ZdîøZd]^Wò êDaqZËa>kjRjSnìkjW&ï¸WoY[SVgøhTSn
Z[gbmnkT][SngXR
ð
Sµ]^ê
]^êjSVZ¶ïLWY[SVgøh
õ

W;mngbúXSnoabmnmµîòBa«î>W+÷Tï¸Wo]*]^êDaÆ]ﬃ]^êTW
abY3ÆabZ òBW]^êjghñaqR5öLW
aqúabSnR³abïjïjmVSnWh ígXY
ï¸WoYd]^kjY\öLWh5r$SnWoRjabY[hñWìkDaq]^SVgXRjZ
õ
þ¶êjSVZﬃêDabZ öLWWoR5gXRjZ[SVhjWoY\Woh abRThñïjY[g«UbWoh5SnR>]^êjW
abkø]^gXRjgbòBgXkTZ¶abZ\WIöîæabY ÆabZ¶êjSnòZ[WmVí  


õ

kjYïjY[ggbí
ð
W-úXSVUbWéêjWY[W¶òBabhjWSV]òBgXY\WéZ\SnòïjmnW@abRjh*gXR]abSVRjZ'Z\gXòW-SnòïjY[g«UbWoòWoR]^Z
ûüýþóßû¶p bX ¾etg
õ
jpjï
õ
|
SVRkjZ[SVRjú;SVRïDabYd]^Snkjm£aqYòW][êjgøhTZwgbí  

0]^g
WZ\]^SVòËaÆ]^WIW÷øSnZd]^WoRToW¾Y[WúXSngXRTZwgbíï¸WoY\Sµc
ghjSnwZ[gXmVkT]^SVgXRjZ-ígXY-][êDaq]óWoìkDaÆ]^SngbR
õ
etgb]^SVoW;]^êjaq]*]^êjWæZ[abòBWæïjY\gXöjmVWoò êjabZ¾öLWWoR ogXRjZ\SnhjWY[Wh ö¸WígXY\W&SVRñ]^êjWæïDaqïLWYgqí
abY qaqZóabRjhæswö¸hjWom `abY\Snò  0côs $öTkT]tgXkjY¶Y[WZ[kjmµ]^ZtabY\WIògXY\WúXWoRTWoY^aqm
õ
'ﬁﬀ !(,&).    *  "-(3"-(
r$W]tkjZógXRjZ[SVhjWoY-][êjW 
OkjRTïLWY\]^kTY[ö¸Wohór$SnWoRjabY[hæWoìkDaÆ]^SngbR
(L) u′′ + f(u)u′ + g(u) = 0.
ifRægXY\hjWoY¶]^g¾êDaUbW a*kjRTSnìkjW`ïLWY[SVgøhjSVZ[gbmnkT][SngXR
ð
WIZ[kjïjï¸gXZ\W`][êjWíkjRj]^SngbRjZ
f
abRTh
g
abY[WgbíomnabZ[Z
C2 õ
þ¶êjW SVR]^WoúbY^abmVZ
F (x) =
∫ x
0
f(t)dt, G(x) =
∫ x
0
g(t)dt
gbí
f
abRTh
g
Y[WZ[ï¸Wo]^SVUbWomµîIabY[WZ\kjê ][êDaq]
limx→∞F (x) = ∞,
abRjh
limx→∞G(x) =
∞.
iô]ISVZ`abZ[Z\kjòBWh>][êDaq]
F
êDabZIa
kjRjSnìkjWWoY[g
õ
þ¶êTWoR>SV]`SnZ Rjg
ð
R u@cfr6]^êDaq]

Or éêjabZta¾Zd]aböTmnW`RjgXRæogbRjZ\]^abR]wï¸WoY\SnghjSnZ[gXmVkT]^SVgXR
u0(t)
ð
SV][êﬀï¸WoY\Sngh
τ0 õ
ûìkDaq][SngXR 
 r 'SVZkjZ[kDaqmnmVî Z\][kjhjSVWohöîKòBWoabRjZgbíabR¾WoìkjSµUbaqmnWoR]ïjmnabRjW¶ZdîøZd]^Wò
õ
þ¶êjW
ògXZ\]ókTZ[Woh&gXRjWZwaqY[W

{
u′ = v
v′ = −g(u)− f(u)v

 | 
abRjhﬀabmVZ[g
{
u′ = v − F (u)
v′ = −g(u)

(
ifRæíOab]opT]^êjWî&abY[WWìkjSVUqabmVWoR]ó]^g*]^êjW  6côhjSnòWoRTZ[SngbRDabm¸Z\îZ\][Woò
(S) x˙ = h(x)
aqí ][WoY¶SVR][Y[ghjkjSnRjúK][êjW`Rjgb]aÆ]^SngbRjZ
x = col[x1, x2]
{
x1 = −u˙(t)− F (u(t))
x2 = u(t)

 z 
ûüýþóßû¶p bX ¾etg
õ
jpjï
õ

ðêjWY[W
x = col[x1, x2]
abRjh
h(x) = col[g(x2),−x1 − F (x2(t)).
xøkTïjïLgbZ[W
u0(0) = a, u
′
0(0) = 0 > 0
Z\g][êDaq]¶]^êTWIï¸WoY\SnghjSnwZ[gXmVkT]^SVgXR
gbíïLWY[Sngh
τ0
gbí]^êjWUqabY\S£aq][SngXRjabmLZdîZ\]^Wò
y˙ = h′x(p(t))y
SVZ
p˙(t) = col[g(u0(t)), u˙0(t)],
ð
êjWY[W
p(t) = col[−u˙0(t)− F (u0(t)), u0(t)].
xøgjpj][êjW`SnRjSµ]^SnabmogXRjhTSV]^SVgXRjZóabY\W
p(0) = col[−F (a), a], p˙(0) = col[g(a), 0].
r$W]tkjZóogbRjZ[SVhjWoY¶]^êTW`ígbmnmng
ð
SVRjúKï¸WoY\][kjY[ö¸Wohﬀr$SnWRDabY[hæWìkjaq]^SVgXRægbí][êjWígXY[ò
(LR) u¨ + f(u)u˙ + g(u) = γ(
t
τ
, u, u˙)
ð
êjWY[W
t ∈R,  ∈R
SVZ¶a*Z[òBabmnmLïDabY[abòBW]^WYop
|  |< 0, τ
SnZóaKY\Wabm)ïjabY^abòW][WoY
Z\kjêﬀ][êDaq]
| τ − τ0 |< τ1
ígbY¶Z[gXòW
0 < τ1 <
τ0
2
õ
yﬀgbY[Wog«UbWoYopD][êjW`omngbZ[Woh&gXY\öjSV]
{(u, v) ∈R2 : u(t) = u0(t), v(t) = u˙0(t), t ∈ [0, τ0]}
ö¸WomVgXRjúXZ-][g¾][êjW`Y[WúXSngXR
{(u, v) ∈R2 : u2 + v2 < r2}.
ifRæ]^êjW`Z[abòBW
ð
aî&abZ-ígXY
(L)
pj]^êTW  «cfhjSVòBWRjZ[SVgXRDabmLWoìkjSVUqabmVWoR]óZ\îZd]^Woò!ígbY
(LR)
SnZ
(SL) x˙ = h(x) + q(
t
τ
, x)
ð
êjWY[W
q = col[q1, q2],
{
q1 = −γ(
t
τ
, x2,−x1 − F (x2))
q2 = 0

 (
ûüýþóßû¶p bX ¾etg
õ
jpjï
õ
z
'    $'&)( *,"-ﬃ .%"   " 0&) 
 &ﬁ. (,!4)2 *,&)!ﬃ ( 
(LR)
etg
ð ð
W
ð
SnmnmkjZ[WK][êjW¾_gbSnRjoabY	KòW][êjghígXYw]^êTW*hjW][WoY[òSnRjaq]^SVgXRgbí]^êTW¾abïjïjY\g«÷c
SVòËaq][W Z\gXmnkø]^SngbRgbí]^êTWKïLWY\][kjY[ö¸WohWoìkDaÆ]^SngbR
(LR) õ
þ¶êjW*W+÷TSVZ\][WoRjW*gbí]^êjWﬃíkTRjhDaÆc
òWoR]aqm0òBaq][Y[Sµ÷
Z[gXmVkT]^SVgXRﬀgqíP]^êjWDY[Zd]wUqabY\S£aq][SngXRDaqm)Z\îZ\][Woò2gbí
x˙ = h(x)
abRThﬀ]^êTW
kjRTSnìkjW`ïLWY[SVgøhjSVZ[gbmnkT][SngXR
p(t)
gXY[Y\WoZ\ïLgXRThjSnRjú*][g
u0(t)
SVZóabZ[Z\kjòBWh
õ
ifR>gXY[hTWoY]^g&úXW]IWZ\]^SVòËaÆ]^WoZígbY`][êjW¾W÷øSnZd]^WRjoWBgbíéï¸WoY\SnghjSn*Z\gXmnkø]^SngbRjZ
ð
WêDaUXW¾]^g
oabmnkjm£aq][W¾Z[gXòWBgXRjZd]abR]^Z
õ
gbmnmng
ð
SVRjúæabY3ÆabZ 

 p]^êTW;üXabgXöjS@òËaÆ]^Y[S÷
J
êDabZ
][êjWígXmnmVg
ð
SVRjúﬃígXY\ò
J(τ0) = −I +
(
g(a) 0
0 0
)
+ Y (τ0)
I = Id2
abRjh
Y (t)
SnZ¾]^êjWﬀíkjRjhDabòWoR]^abmóZ[gXmVkT]^SVgXR òBaq][Y[Sµ÷5gbí]^êTWﬀUqabY^aÆ]^SngbRDabm
ZdîøZd]^Wò
ð
SV]^ê
Y (0) = I
y˙ =
(
O g′(u0(t))
−1 −f(u0(t))
)
y.

 ~(
iô]ISnZïjY\g«UXWohp0][êDaq]`SVí
detJ(τ0) 6= 0
]^êjWR>][êjWoY\WW+÷øSnZ\]`kTRjSnìkjWmVîùhjW]^WY[òSnRjWh
íkjRT]^SVgXRjZ
τ(, φ)
abRTh
h(, φ)
hjWjRjWohBSnR*]^êjWóRjWSnúXêö¸gXY[êTgøgh¾gbí
(0, 0)
Z\kjêB][êDaq]
][êjWíkjRj][SngXR
u(t; φ, p0 + h(, φ), , τ(, φ))
SVZKaï¸WoY\SnghjSn¾Z[gbmnkT][SngXR gbíóZ\îZ\][Woò
(SL)
ð
SV][ê
τ(0, 0) = τ0
abRjh
h(0, 0) = 0 õ
yﬀgbY[Wog«UbWoYopPabR WZ\][SnòBaq]^W¾SnZIúXSµUXWoR>ígXY]^êjWY[WúXSngbR SVR
ð
êjSVê ][êjWB][êjWUqabY\S£aböTmnWoZ

abRTh
φ
òBaîﬀUqabYdî
õ
DgXYwW÷TabòïjmnWKSVRùWUqabmVkDaq]^SVRjúË][êjW*RjgXY\ò3gbí@]^êjW*hTSVëLWoY[WRjoW*gqí
üXabgXöjS$òBaq]^Y\SnWoZ
J(, φ, τ, h)− J(0, 0, τ0, 0).
s ][Y[SVUSnabm
τ0
côïLWY[SnghjSVtZ\gXmnkø]^SngbRËgbí 
O~(SnZ
col[g(u0(t)), u˙0(t)].
s ][Y[SµUøSnabmabmVokøc
mnaq]^SVgXR;úXSµUXWoZ¶][êjW`gb]^êjWYómnSnRTWabY\mVîSnRjhTWoï¸WoRjhjWR]wZ\gXmnkT][SngXR
gqí 
O~(
col[g(u0(t))v(t), u˙0(t)v(t) +
g(u0(t))
g′(u0(t))
v˙(t)]
ð
êjWY[W
v(t) =
∫ t
0
[g0(s)]
−2g′(u0(t))exp[−
∫ s
0
f(u0(σ))dσ]ds
ígXY
t ∈ [0, τ0] õ
ûüýþóßû¶p bX ¾etg
õ
jpjï
õ
 
þ¶êjWRﬀ]^êTW`íkTRjhDabòWoR]aqm)Z[gXmVkT]^SVgXR
òBaq]^Y\Sµ÷Ëgbí 
O~(
ð
SV][ê
Y (0) = I
SnZ
Y (t) =


g(u0(t))
g(a)
g(a)g(u0(t))v(t)
u˙0(t)
g(a)
g(a)u˙0(t)v(t) + g(a)
g(u0(t))
g′(u0(t))
v˙(t)

 .
s¶ogXY\hjSnRjú ]^g r$SngbkTUSnmnmVW   Z
ígXY[òKkTm£a ][êjW

Y[gbRjZ3S£aqR{hjW][WoY[òSnRjabR]
W (t) ð
SV][ê
W (o) = 1
SVZ¶úXSVUbWoRæöî
W (t) = exp[−
∫ t
0
f(u0(τ))dτ ].
þ¶êjW`êDaqY^ab]^WoY\SnZd]^Sn`òKkTmV]^SVïjmnSVWoY\Zgbí 
 ~ -abY[W
ρ1 = 1
aqRjh
ρ2 = W (τ0) = exp[−
∫ τ0
0
f(u0(τ))dτ ].
ρ2 < 1
SµíabRjh&gXRjmVîËSVí
∫ τ0
0
f(u0(τ))dτ > 0.



(
þ¶êjWISnRjSµ]^SnabmogXRjhTSV]^SVgXRjZ¶úXSµUXW
Y (τ0) =
(
1 g2(a)v(τ0)
0 ρ2
)
.
þ¶êkjZp
ð
WIúXW]
J =
(
g(a) g2(a)v(τ0)
0 ρ2 − 1
)
,
J−1 =
(
g−1(a) g2(a)v(τ0)(1− ρ2)
−1
0 −(1− ρ2)
−1
)
.
þ¶êjWY[WígXY[Wqp
|| J−1 ||= 2 max [g−1(a), (1− ρ2)
−1, g2(a)v(τ0)(1− ρ2)
−1].
þ¶êjWISnRUXWY[Z\W òBaq]^Y\Sµ÷Bgbí
Y (t)
SnZ
Y −1(t) = W (t)

 g(a)u˙0(t)v(t) + g(a)
g(u0(t))
g′(u0(t))
v˙(t) −g(a)g(u0(t))v(t)
− u˙0(t)
g(a)
g(u0(t))
g(a)

 .
eg
ð ð
WêDaUXW]^gﬃhjW][WoY[òSnRTW]^êTWogXRTZ\]aqR][Z-ígXYéZdîZ\]^Wò
(LR) õ
DgXmVmng
ð
SnRjú  


mVW]ókjZóhjWRjgb]^W
S = {x = (x1, x2) ∈R
2 / x2
2 + [−x1 − F (x2(t))]
2 < r2}
ûüýþóßû¶p bX ¾etg
õ
jpjï
õ
~


g0 := maxx∈S | g(x2) |,
g1 := maxx∈S | g
′(x2) |,
g2 = maxx∈S | g
′′(x2) | .




f1 := maxx∈S | f(x2) |, f2 := maxx∈S | f
′(x2) |


q0 := maxx∈S,s∈R | q(s, x) |,
q1 := maxx∈S,s∈R | q
′
x(s, x) |,
q2 := maxx∈S,s∈R | q
′
s(s, x) | .



  
K := max
t∈[
−τ0
2
,τ0]
| Y (t) |, K−1 := maxt∈[−τ0
2
,τ0]
| Y −1(t) | .
þ¶êkjZp
ð
WIòËaî;hTWohjkjWI][êDaq]
P := max
t∈[
−τ0
2
,τ0]
| p˙(t) |≤
K
2
.
þ¶êjW`SVRjSV][S£abm¸ïjêDabZ\W
φ
aqRjh
]^êjW`ï¸WoY[SVgøh
τ
êDaUXW][gUbWoY[Sµí î;]^êTWígXmnmVg
ð
SVRjújp
ð
êjSVêﬀoabR
ö¸W`WabZ\SnmVîBgXöT]^abSnRTWoh
íY[gXò ]^êjWIabö¸g«UXWIWoZd]^SnòBaq][WoZopTZ[WoW  


φ <
τ0
2
, | τ − τ0 |<
τ0
2
.
iôíSnR&abhjhTSV]^SVgXR
ð
WIZ\kjïjï¸gXZ[W

abRjh
h
abY\WIZ\kjêﬀ][êDaq]
3
2
g0 |  | + | h |< σexp(−
3
2
g1τ0)

êjWoY\W
σ
SnZK][êjWæhjSnZd]abRToWæöLW]
ð
WWoR ][êjWæïDaq][ê gbít]^êTW&ï¸WoY\SnghjSnËZ[gXmVkT]^SVgXR abRjh ]^êjW
ö¸gXkjRjhjabY\î
gqí
S
]^êTWoRﬀa¾Z\gXmnkø]^SngbR
gbí
(LR)
W÷øSnZd]^Z
õ
þ¶êjWR)p
ð
W`êDaUbW ïjY\g«UXWoh&]^êjWígXmVmng
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|  |< 0, τ
SnZóaKY\W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 : τ ≡ τ(), h ≡ h()
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LRA) u¨ + f(u)u˙ + g(u) = γ ≡ γ(u, u˙, , τ)
u(0) = a + h(), u˙(0) = 0
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| τ − τ0 |< τ1, τ(0) = τ0, h(0) = 0.
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